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Abstract—The brain communicates via electrical signaling.
The molecular mechanisms which drive this communication are
quite complex. In this paper, we compare intra-neuron signaling
properties with communications networks, and find that there
are many similarities. We review some existing neuroscientific
findings which exemplify this neuron-communication systemlink.
Additionally, we review existing mathematical models and theo-
ries for neural functionality and communication. In partic ular,
we look at long-term synaptic plasticity mechanisms which
amplify important synaptic inputs and attenuate noisy onesover
time. We prepare a basic model based upon communication
theoretic principles, and derive a mathematical approximation
to it. We find that our model is largely based on correlation
of input patterns, which matches quite well with some existing
neuroscientific theories as well as neural network principles. With
simulation, we find that the model predicts some of the basic
properties effects of synaptic plasticity.

I. I NTRODUCTION

Beginning with Hodgkin & Huxley and their peers in the
1930s [1], it was theorized and then shown that the basis
for neuronal communication was electrical in nature. Since
then, electrical engineers have been both contributors to and
benefactors of neuroscientific discoveries. An entire fieldof
electrical engineering, called ”neural networks,” has risen out
of this interdisciplinary field, in which we mimic the ability
of the brain to learn through simplistic models of neurons
and networks of them. Much as the smallest element of the
integrated circuit is a transistor, the neuron seems to be the
smallest computational element in the brain. While we can
characterize the functionality of a transistor quite well,we are
still learning about many of the neurons internal behaviors.

From the perspective of communications theory, both intra-
and inter-neuron communication is an interesting topic. Here,
we focus on intra-neuron communication. The rest of the paper
is organized as follows: In secton II we cover some basic
biophysical characteristics of the neuron. In section III,we will
cover some mathematical basics, related work, and specific
biophysical characteristics of the neuron which are interesting
from a communications perspective. In secton IV, we will de-
scribe our basic system model in detail, and review some of it’s
links with existing theories and systems. In section V we will
review some of our results with this model. We summarize our
findings as follows: against our metric of signal-to-interference
(SIR) ratio, we find that the optimal neural characteristics

can match quite well with existing theories and experimental
measurements.

II. N EURAL BASICS

The human brain is composed primary of two types of cells:
neurons and glia. As shown in Figure 1, a single neuron is
comprised of three main sections - a dendritic tree or arbor,
a soma (cell body), and an axon [2]. The axon generally
functions as the ”output” and the dendritic tree takes ”inputs”
from other neuron’s axonal outputs. The interface between
an axon terminal and a dendritic tree is commonly called a
synapse. The space between the axon terminal and the dendrite
is called thesynaptic cleft.

Glia are generally believed to be support cells for neuronal
function, and are extremely interesting from an evolutionary
perspective. The axonal membrane is generally a very leaky
one, and as an unprotected axon shrinks in diameter the
propagation speed of APs decreases. Two evolutionary paths
have been developed to overcome this issue. In some animals,
important axons are enlarged in order to support speedy (but
leaky) propagation of APs. Squid axons are an example of
this, and were the basis of Hodgkin and Huxley’s experiments
because of their large size. For a small number of neurons, this
approach works, but it is limited by the fact that the neuron’s
energy consumption and volume must be increased to provide
AP speed.

Some glia (Schwann cells) have evolved to be a second
approach to reduce leakage and increase propagation speed
of APs. These cells grow myelin sheaths around the axons
of most neurons in the brain. The sheating serves to reduce
energy loss in the signal thereby increasing propagation speed.
The axon plus myelin diameter required to support the same
propagation speed as an un-sheated axon is orders of magni-
tude smaller, while additionally requiring less energy. This is
one of the many examples of ways that the human brain has
evolved to support incredible computational abilitites asvery
low energy consumption.

Nearly all of the inter-neuron signaling in the human brain
takes places via electrochemical transfer. When specific crite-
rion are met, a given neuron will initiate anAction Potential
(AP) at the axonal hillock (in the soma). An AP is an electrical
pulse which is carried by ionic currents (mostly Sodium,
Calcium, and Potassium ions). The pulse propagates through
the entire cell body, and is maintained down the length of the
axon by periodically spaced amplification sites where myelin
sheating is not present, calledNodes of Ranvier. We can think
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of these sites as selection amplify-and-forward nodes. So long
as the signal exceeds some voltage threshold, enough ionic
channels will open such that a runaway effect occurs and the
pulse is effectively amplified. It seems that these node spacings
are optimized to be as far apart as possible, while maintaining
a high probability of re-amplification [2].

When the AP reaches the axon terminal, it releases chem-
icals called neurotransmitterwhich migrate extracellularly
across the synaptic cleft and have either an excitatory or
inhibitory effect on the dendrite. In the excitatory case, the
dendrite synapse generates an electrical current by temporarily
altering properties of the cell membrane to allow ionic currents
to flow into the cell. In the inhibitory case, the dendrite can
both alter the properties of the cell membrane to have a
shunting effect and suppress any currents generated nearbyas
well as generate a negative (outgoing) current. These pulses
are termed Post Synaptic Potentials (PSPs). One neuron can
have tens of thousands of synaptic inputs, with most inputs
being excitatory.

While the equations that govern the Hodgkin-Huxley model
are complex, they result in a required (approximate) ”threshold
voltage” at the soma / axon hillock in order to generate an AP.
The voltage in the soma at any given point is largely a function
of the dendritic inputs from other neurons. A simplistic view is
that the excitatory PSPs (EPSPs) and inhibitory PSPs (IPSPs)
at a given point in time summate in the soma, and the threshold
voltage criterion is applied to determine whether or not an AP
should be generated.

While a single action potential does not consume much
energy, one must consider that the human brain contains on the
order of 100 billion neurons. In fact, the average human brain
consumes approximately 20% of the total energy consumed
by the entire body, while accounting for only 2% of it’s
total mass. Nearly half of the energy consumed in the brain
is due to action potential generation and propagation [3].
While these statistics vary across different animals, one fact
is clear: the brain consumes a lot of energy with respect
to it’s mass and size. None the less, it is an incredibly
efficient computational system, which outperforms state-of-
the-art, energy-hungry computers at many tasks. Researchers
here at Stanford seek to harness this efficient computing with
silicon-based neural circuits.

We can trace the energy efficacy of the brain down to it’s
smallest constituents: neurons. Clearly, controlling theaverage
AP generation rate is an important factor in overall energy
conservation. There is a considerable body of existing re-
search which considers the tradeoff between volumetric/energy
conservation and information storage. Here, we consider each
neuron as a small computational device with many inputs and
one output. The functional purpose is to compress information
from the thousands of inputs down to a single decision at the
axon.

Even this idea is a partial simplification. Neurons can en-
code information about the state of it’s synaptic inputs across
multiple pulses with dynamic rate-modulation strategies.A
number of information theorists and theoretical neuroscientists
have also attempted to apply Shannon’s theorems to these
neural codes. The transfer function and associated information

Fig. 1. The Neuron

compression algorithm for a neuron is very complex and to
this day is not well understood.

III. B ACKGROUND & RELATED WORK

One example of neural energy and volume optimization is
demonstrated in [5]. The authors determine through simulation
that there should exist a minimum limit on diameter, and thus
volume, of the axon. At the molecular level, electrochemical
signals are generated and propagated by the stochastic con-
ditions of ion channels. The state of channel activation is a
function of membrane voltage and subject to thermodynamics.
Thus, some number of channels are always ”active” and
allowing current to flow. In normally functioning axons, these
stochastic conditions contribute to a noise floor.

As the diameter of the axon decreases, the effect of a single
”open” channel increases and the noise floor increases. At
some minimal diameter, generation of ”spontaneous APs” (in
other words, bit errors due to significant channel noise) occur
due to the influence of stochastic channel dynamics. This
is illustrated in figure 1 (A,C) from this paper. The authors
found that the SAP rate was largely insensitive to biophysical
parameters other than the axonal diameter. Data mined from
dissection of actual brain tissue supports the simulation-based
0.1µm limit. As the volume decreases, energy cost to propa-
gate APs also decreases. Thus, operating near the noise-limit
provides savings in both volume and energy consumption.

We can think of this as some hard signal-to-noise limit
at which the output (the axon) begins to make many wrong
decisions. There are a plethora of neuronal characteristics
which we can compare to communications theory and systems.
For many years now, information theory has been utilized to
attempt to determine the information capacity of a neuron with
questionable results.

Originally, it was believed that the dendritic tree functioned
as a set of passive cables, whereby each input was indepen-
dently propagated through the tree to the soma and summed
linearly there. This model is called the ”point” neuron or
peceptron, and is described mathematically as

r =

n
∑

i=1

wixi (1)

where wi and xi are the synaptic weights and synaptic
inputs respectively, andr is the signal seen at the soma [6].



3

Fig. 2. Simulation: Synaptic Depression leads to better input differentiation [4]

If r exceeds some threshold, the axon hillock generates an
Action Potential (AP), which propagates down the axon as
well as back up into the dendritic tree. This back-propagating
action potential (BPAP) is of great interest and importanceto
synaptic weight modification (plasticity) and other feedback-
control mechanisms.

In recent years, researchers have also discovered that func-
tion of the dendritic tree itself is much richer than origi-
nally believed. In fact, it has been shown in simulation and
through experiment that each dendritic branch functions asa
computational subunit which can perform supra- or sub-linear
summations of dendritic PSPs on that branch [6]–[11]. This
functionality along with some other proposed abilities of the
dendritic tree lead to a much richer neural model, with greatly
enhanced computational capability. We discuss this topic in
greater detail in section III-D.

A. Synaptic Plasticity

Morphological studies of Purkinje and cortical neurons in
the human brains have illuminated their extensive dendritic
arborizations. These cells can accept on the order of 100,000
synaptic inputs. While the number is much lower for other
cell types, it seems unlikely that all of these inputs could
contribute to a single output. Supporting this fact is research
into response patterns for these neurons which finds that they
respond only to specific subsets of inputs. Some studies also
indicate that anywhere from 80-90% of the synaptic inputs
to these cells are inactive and produce no noticeable voltage
change at the cell soma. These ineffective inputs are called
”silent synapses.” This raises an important question: How do
these cells determine which inputs are important? It seems
very unlikely that random connections at the cellular level
could govern very orderly higher brain functions.

Much more likely is that some form of selectivity is at work
in determining the importance of each synaptic connection.
It is believed that this occurs through synaptic weight mod-
ification via a wide variety of biological mechanisms. This
feature is generally termedSynaptic Plasticity, and many neu-
roscientists believe that it is the molecular basis for memory
and learning. In 1949, Dr. Donald Hebb was one of the first
to propose such a mechanism [12], now appropriately called
Hebbian learning. The basic theory is often succinctly stated
as: ”cells that fire together, wire together.”

Research on this phenomenonin vivo or in vitro is compli-
cated by the seemingly wide variety of participating biological
mechanisms. There are believed to be both long-term (>
minutes) and short-term (milliseconds to seconds) forms of
synaptic plasticity which lead to gain or attenuation of a
given synaptic input weight, and these mechanisms seem to
be sometimes competing!

Additionally, plasticity occurs in to both feed-forward and
feed-back directions [13]. Post-synaptic synapses can com-
municate with pre-synaptic axon terminals via retrograde
chemical messagers that travel extracellularly back across the
synaptic cleft.

Parametrically speaking,wi in equation 1 is modified based
upon it’s interaction with the neuron. In biological research,
weight gain is termedpotentiationand attenuation is termed
depression.

In [14], using in-vitro measurements, the authors first
developed a quantitative model for short-term plasticity in
rat cortical cells and then built a simulation model for it.
Measurements of short-term potentiation and depression were
fit to a product of exponential functions with different time
constants. In a second, landmark paper, the same authors used
that model to demonstrate the efficacy of short-term synaptic
depression as a dynamic gain control mechanism for cortical
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Fig. 3. Spike Timing Dependent Plasticity: Modification Function

neurons [4]. Cortical neurons, as aforementioned, have tens of
thousands of inputs with firing rates ranging from 1 to 200
Hz. How these neurons differentiated between slowly firing
inputs and quickly firing ones was not well understood prior
to this discovery.

The effect of depression is shown in figure 2. The simulation
used two sets of independent, Poisson process inputs with
mean rates of 10 Hz and 100 Hz respectively. Simulation runs
are divided by column. In descending order, the rows plot the
mean firing rate for both input groups, the output spike train
without depression, and the output spike train with depression.

In the first simulation run (column A), the mean firing rate
of the 100 Hz group was sinusoidally modulated by 50%
around the mean and the 10 Hz group was held constant. In
the second (column B), the two input groups were swapped.
In the third (column C), the 100Hz group was modulated
by 5Hz (which was the same modification for the second
simulation run). We see that the depression-enabled output
trains for simulations one and two are nearly identical, and
that depression has no effect on the output train for simulation
three. The effect of depression on the output spike train is quite
clear: it allows for the neuron to differentiate between relative
changes in mean synaptic firing rates.

This phenomenon can be explained as follows: For each
synaptic input, the balance between it’s mean firing rate
and synaptic depression will lead to a steady-state synaptic
weight which is inversely proportional to the mean firing rate.
Through this balance, relative (%) changes of each input will
be weighted equally at the cell soma. It is a form of power
control, where higher average firing rates have lower peak
powers, and therefore all firing rates have relatively constant
average power.

Another of these observed and seemingly very impor-
tant mechanisms is spike-timing dependent plasticity (STDP).
Some neuroscientists believe that STDP is the cellular mech-
anism for learning and memory. It’s functionality can be
simply described as follows: If a synaptic EPSP at synapse
xi precedes a post-synaptic AP within some time constraint,
the synaptic weightwi is increased. If a synaptic EPSP follows
a post-synaptic AP, it’s weightwi is decreased. A proposed
STDP function is shown in figure 3 [15]. In effect, STDP
stochastically increases the importance of synaptic inputs
which are correlated with output AP generation, and decreases

Fig. 4. Spike Timing Dependent Plasticity: Weight vs. Correlation

the importance of inputs which are not. It treats the latter
inputs as noise and drives their importance down to some
minimum weight value (possibly zero!). This is a form of
unsupervisedHebbian learning.

In [15], the authors go on to characterize the effect of
STDP on inputs with specified correlation. They show that as
correlation increases, the inputs tend to have more significant
weight. For every input, a ’correlation multiplier’ci was
specified. The correlation between any two inputs was then
cicj . In figure 4, they perform a simulation run with 200 inputs
and STDP. We see the effect of the correlation on the synaptic
weights - more correlated inputs have larger gain. Note thatin
these simulations, a maximum (gmax) and minimum (0) gain
for the synapses was specified.

B. Synaptic Weight Distribution

It is clear that our brains have been driven down to-
wards minimal energy consumption whilst maintaining their
incredible computational power. Part of the story behind
this functionality is now clear. Synaptic plasticity allows for
neurons to separate important input patterns from unimportant
ones, thus reducing the AP generation rate and associated
energy costs. The next question is: towards what optimization
metric is synaptic plasticity working? A number of recent
research efforts have been directed at understanding the effect
of synaptic plasticity, and it’s possible optimization goals.

One such approach is investigation of the synaptic weight
distribution for a neuron. In [16], the authors chronicle a
number of recent studies of synaptic weight distributions in
various neuronal types, including one of their own. Most
studies include only the effect of excitatory synapses and
ignore inhibitory ones. In their study, theoretical approaches
were used derive an optimal weight distribution based upon
information theoretic concepts originally posed by Gardner in
the late 1980s.

The authors find that the critical capacity of a perceptron-
model neuron was 0.83 bits per synapse [17], which is lower
than the original 2 bits per synapse predicted by the original
noiseless models. This later result was, however, supported
by later findings. Critical capacity is defined as the maximum
number of patterns stored divided by the number of inputs. The
authors of [17] extended Gardner’s model to include an error-
regime (some patterns stored with non-zero error) in [18], and
utilized these findings in deriving an estimate of capacity for
a Purkinje cell.



5

Fig. 5. Optimal Synaptic Weight Distribution

An example weight distribution is shown in figure 5 above.
It is given by the equation [17]

P (W ) = H(−B)δ(W ) +
1√

2πWs

e
− 1

2W2
s

(W+BWs)2

Θ(W )

(2)
It is a delta pulse at zero (these are called silent synapses),

with value H(-B). The right-hand term is a gaussian tail of non-
negative synaptic weights. The general form of this distribution
was found to fit fairly well with observed distributions. The
entire synaptic weight distribution is a function of the noise
SD and the desired BER for the system. By fitting these
parameters to measured synaptic weights for a Purkinje cell,
they estimated its noise, BER, and information capacity.

A related and equally interesting finding is that a signifi-
cant proportion of synapses generate no noticable membrane
voltage change at the cell soma. As aforementioned, these
have been termed ”silent synapses,” and are linked with
the effects of synaptic plasticity. The proportion of silent
synapses increases as the noise level is increased, which is
also of interest. It is possible that some form of waterfilling
across correlation is taking place, such that inputs with more
significant correlation are allocated more power, and inputs
below some correlation/noise threshold are driven down to
zero. As shown in the correlation vs. synaptic weight plot,
this idea is supported by simulation results. Unfortunately, we
were unable to derive a model which clearly fit this conceptual
idea. This modeling is left for future work.

C. Information Theory and Neuronal Computation

There have been many attempts to characterize the per-
formance of a neuron with respect to information theoretic
concepts. Cover originally considered the problem of pattern
recognition for a perceptron in the late 1950s [19], and found
that for a noiseless perceptron the number of stored patterns
should be P=2N, where N is the number of inputs. The
problem was considered geometrically, where randomly drawn
input sets were considered in a hypercube. So long as a
hyperplane could be drawn to separate the inputs into two
distinct classes, the pattern was considered stored. The same
result was rederived in a famous paper by Garnder, utilizing
a statistical mechanics approach [20].

More recent efforts have been geared at utilizing informa-
tion theory to explain some of the natural biological optimiza-
tions which take place. Signal-to-Noise ratios and Shannon

capacity are often used to measure the quality of memory
and information storage in neural networks and perceptrons.
In [21], the authors consider the impact of discrete-valued
synapses on the quality of information storage. Some neu-
rological research indicates that synapses take values only in
discrete steps. The authors analyze the relationship between
information storage and the number of synapse states.

One very interesting and recent result deals with a small
biological two-layer neural network which is modeled at a
functional level [22]. It consists of a many granule cell input
stage with a Purkinje cell decision stage. These networks are
primarly involved in motor control. The granule cell inputs
provide a number of primary signals, each with independent
signal and noise levels,pi = αis + ni.

The signalsi and noiseni and are mean 0 and variance
1 andσi, respectively. One granule cell input carries an error
signal which provides the learning mechanism for the Purkinje
cell. They theorize that a certain gain,γ, for every input of
interest is desired at the Purkinje cell output, and develop
a model which uses a ”covariance rule” between the error
annd primary signals to modify the gain for each input in the
Purkinje cell layer.

They find that the optimal weighting/gain vector compo-
nents are given by

wopt
i =

αi/σ2
i

γ +
∑

j 6=i α2
j/σ2

j

(3)

which bears close resemblance to power control results in
communication networks with interference. Using these rules
they simulate the system and find that undesired noisy inputs
are driven to zero over time. They argue that biologically,
these noise signals force their associated synapses to become
”silent” (a recurring idea!). In addition, the covariance update
rule they utilize bears significant resemblance to the Foschini-
Miljanic algorithm for power control in multi-user interfering
networks.

Another interesting information-based model is proposed
in [23]. They develop an optimization-based model which
predicts the existence of synaptic plasticity. They propose that
neurons attempt to meet an optimization goal

L = I − γD − λΨ (4)

where L is the optimization goal, I is the information
stored by the neuron, D is the distance of the AP generation
rate from some target rate, andΨ is an energy cost term
for maintanance of large synaptic inputs. They find that a
gradient-ascent rule for approaching the optimization goal
accurately predicts the existance of synaptic weight modifica-
tion. Synaptic weight distributions are generated after STDP
simulaton which show input selectivity and match some of
the other weight distributions predicted by different methods
or measured experimentally.

In [24], the authors develop a Shannon-information model
where the signal to noise ratio and volumetric ratio are
exponentially proportional to each other. There is a body of
neuroscience research which indicates that synaptic volume
is both proportional to the size of gainwi for that synapse
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as well as the energy costs of that synapse. They treat the
function of the neuron as a memory storage device, where
communication occurs over time. Information is fed into the
system at one point in time, and retrieved at a later point.
They characterize the impact of noise associated with this
process, accounting for both write- and read-time sources of
noise. Their results indicate that large quantities of small,
noisy synapses are preferred to singular, larger synapses.
This is support by experimental findings which indicate some
pre-synaptic neurons make numerous connections with post-
synaptic targets at a variety of locations in the dendritic tree.

D. Dendritic Tree Morphology & Computation

Much of the aforementioned research treats the neuron as
a perceptron with linear summation of dendritic inputs. It
also largely ignores the effect and importance of IPSPs. More
recent research has also shown that in fact the basic dendritic
functionality is far richer than initially thought [11]. The
dendritic tree is now believed to be a significant contributor to
the computational abilities of the neuron [25], and is theorized
to be responsible for a number of neural functionalities.

As depicted in figure 6, the authors propose that the
neuronal system should be modeled as a two-layer neural
integration and computational system. Each dendritic branch
performs it’s own computation, defined mathematically as

bi = s (f (di,1, . . . , di,n)) (5)

wherebi, s(−), f(−), anddi,j are the output of the
ith branch, sigmoidal amplification function, dendritic arith-
metic function, andjth dendritic input on theith branch,
respectively. The function s is a sigmoidal function, which
determines whether the amplifier for that branch will indeed
coherently amplify-and-forward the signal. The function f
determines how each set of branch inputs sums together,
although inter-branch summation seems to be nearly linear.

Additionally, the dendritic tree has a number of filtering
capabilities which can impact the computational ability of
the neuron. A single sharp EPSP spike in the dendritic tree
is subject to low-pass filtering effects through the tree’s
morphology, and it’s energy is spread at the soma. EPSPs
from different branches can last for differing lengths of time at
differing peak amplitudes based upon their location in the tree.
In [26], a recently developed transmission cable equation for
the dendritic tree is laid out. It is the first to include some of
the higher-frequency low pass characteristics of the neuron. In
sub-threshold (i.e. linear) regions, this cable equation matches
well with experimental measurements.

Some of the newer models are also attempting to account for
the impact of IPSPs on the computational ability of the neuron,
though these research efforts are in their infancy. In [6], [7], the
authors develop arithmetic models for EPSP and EPSP/IPSP
summation, respectively. A model which incorporates all of
these results into a single model has not yet been developed.

IV. SYSTEM MODEL

The main goal of the system modeling in this paper is two-
fold:

Fig. 6. Single Neuron Computation [8]

1) To make an argument for the STDP-covariance rela-
tionship using simple communication theory techniques
(maximization of Shannon AWGN rate)

2) To seek a link between observed synaptic weight distri-
butions, STDP, and input covariance

Additionally, we also briefly consider a coherent selection-
amplify-and-forward relaying scheme and it’s relationship with
dendritic computation. This model is of interest for future
work.

A. Modified Multiple-Access Channel Model

The biological STDP mechanism depends upon correlation
between the input and output to determine synaptic weight
modification. When output follows input, synaptic gain is
increased, and vice-versa for input-follows-output. Since the
ouput is dependent (non-linearly) on the set of inputs, we
know that the synaptic weight is ultimately dependent upon
covariance between the inputs. Many neural networks follow
simple Hebbian rules based upon these concepts of input
covariance [27]. Here, we develop a basic communication
model for the perceptron-neuron model which supports this
idea.

We begin by defining the perceptron equation as

Y = Θ

(

n
∑

i=1

wiXi − θ

)

= Θ
(

wT x − θ
)

(6)

where x = [X1 . . . Xn]T is a vector of correlated bernoulli
random variables with annx1 mean vectorµX and annxn
covariance matrixΣX , andw = [w1 . . . wn]T is the vector of
synaptic weights. The heaviside step function isΘ.

The set of input patterns (i.e. all possible binary com-
binations of the Bernoulli input vectorx) are not equally
likely to occur. We treat the set of input patterns for an n-
input perceptron as a codebookC which takes values between
decimal 0 and2n − 1. The probability of a given codeCi is a
function of both the mean and covariance matrices. For these
systems, the Bernoulli meanµ for a given input dominates the
correlation between two inputs, so to a first approximation we
estimate that the probalitiy of a given code is the product of
the probabilities for each individual binary value in that code.
Mathematically this is defined as
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P (c = Ci) =

n
∏

k=1

P (xk = Ci(k)) (7)

where Ci(k) is the kth binary element of the codeCi.
For instance, for a 4-input perceptron with pattern 0110, the
likelihood of that code isP (X4 = 0) ∗ P (X3 = 1) ∗P (X2 =
1) ∗ P (X1 = 0).

There has been some work in defining probability distribu-
tions for sums of correlated bernoulli random variables [28],
but these distributions require complex evaluation and do not
necessarily represent the actual distribution well. In numerical
simulation, we do not find large deviations in codebook
probability from the approximation suggested here. We con-
sidered numerical monte-carlo simulations for all modeling,
but determined that signifcant, time-consuming runs wouldbe
required to properly characterize the input code probability
distribution.

We treat the axon hillock as a decoder which compares the
synaptic summation in the soma against the thresholdθ. For
a single input patternCi, only the 1-valued inputs contribute
to the output signal. Thus, the signal power in a given code
Ci is then

SCi
=
∑

x∈Ci

(xiwi)
2 =

∑

xi=1

w2
i (8)

Additionally, we define the constant average power in the
soma as

SI = E

[

n
∑

i=1

(wixi)
2

]

= wT Σxw + wT diag(µ2
x)w (9)

We utilize the definition of the expected value of a sum
of random variables to expand it into covariance and mean
components. Thus, for a given code, we can define its signal-
to-interference ratio (SIR) as

γi ≈

∑

x∈Cn

(xiwi)
2

wT (Σx + diag(µ2
x))w

(10)

It is clear that this under-estimates the SIRγi for a given
code, because the interference term includes the average con-
tribution of the signal from that code. But as we will see, this
greatly simplifies analysis of our system model because the
denominator in the SIR ratio is constant across all input codes.
We justify this approximation by noting that the probability
of a non-sparse code is low, so the impact on the SNR
for the most probable (sparse) codes is not significant (i.e
a/(a + b) ≈ a/b whenb >> a).

We utilize the Shannon-information rate equation for an
AWGN channel, which is a commonly utilized equation in
many of the aforemetioned neuron/information theoretic re-
search efforts. It is defined as follows:

R(γ) = log2 (1 + γ) (11)

and forγ < 1, we make the approximation that

R(γ) ≈ γ, 0 < γ < 1 (12)

We treat each code as a user of this dendritic channel, and
propose that at a given time, a single code is attempting to
reach the output. At all times, the underlying expected firing
rates of every input contribute to stochastic interferencein the
channel. We ignore noise from other sources, at this point.
With this simplification, we can say that the total sum-rate
across all codes for the perceptron is given as

Rsum =

n
∑

i=1

Pr(Ci)γi ≈
wT diag(µX)w

wT (Σx + diag(µ2
x))w

(13)

The numerator in the RHS can be explained as follows:
Since we have estimated the probability of a given code to
be the product of it’s bernoulli RV constituents,Pr(xi = 1 ∈
C) = Pr(xi = 1) = µxi

. The expression in 13 simplifies
the RHS after we sum over all code probabilities. We theorize
that the neuron seeks to maximize this measure of information
rate. Thus, we can pose the synaptic-weight selection as an
optimization routine. We are interested in

max
w

Rsum(w) (14)

subject to no constraints, at this point.
The equation in 13 is a ratio of two quadratic forms. The

matrix in the denominator is the sum of two PSD matrices,
so it is invertible and eigen-decomposable. We expand the
denominator quadratic as

wT
(

Σx + diag(µ2
x)
)

w = wT Σ̄xw = wT QΣ̃ΛΣ̃QT

Σ̃
w (15)

Next, we define an intermediate variable z, such that

z = Λ
1

2

Σ̃
QT

Σ̃
w (16)

Thus, we can reformulate the ratio of two quadratic forms
in eq. 13 as

Rsum =
wT diag(µX)w

wT (Σx + diag(µ2
x))w

=
zT Λ

−1

2 QT diag(µx)QΛ
−1

2 z

zT z
(17)

This problem is a readily solvable quadratic form. The
vectorzmax which maximizes the above form is the first eigen-
vector ofΛ

−1

2 QT diag(µx)QΛ
−1

2 , and thus, the maximized w
is

wmax = QΛ
−1

2 zmax (18)

It is clear that this maximizing vector is closely related tothe
maximal eigenvector of the correlation matrix. Additionally,
if the matrix Λ

−1

2 QT diag(µx)QΛ
−1

2 has strictly positive
entries, the Perron-Frobenius theorem states that the maximum
eigenvector should have only positive components. We will see
that in many cases, this is true. Since this is often the case,
we do not impose non-negativity bounds on the components
of the optimizing weight vector. It would also be useful to
impose a maximal bound on the weight vector components,
but this requires significant complication of the solution since
it is generally not a convex problem.
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There are a number of biological constraints which we
might place on this maximization problem. One discussed
constraint is non-negativity and maximum values on the com-
ponents of the weight vectorw. Another biologically plausible
constraint is that either the total synaptic weight or the total
power in synaptic weight is constrained to a maximum. In
[29], the authors find that STDP should lead to a conservation
of the total synaptic weight.

B. Dendritic Selection Amplify-and-Forward

Recent experimental results have shown that dendritic mor-
phology contributes to the I/O function of a neuron, and that
this greatly enhances the computational abilities of the neuron.
Some of the research indicates that within-branch summation
is nearly linear, and then subject to a sigmoidal amplification
function which coherently adds gain to the signal if it exceeds
some threshold. Other research indicates that the sigmoidal
amplification function itself is subject to STDP-like rules,
where the thresold for a given branch is decreased when that
branch contributes to an AP.

Researchers propose that the branch and/or synaptic inputs
become aware of their contribution via back-propagating ac-
tion potentials (BPAPs), which arise because the AP generated
at the soma propagates both down the axon and back up into
the dendritic tree. We compare this to a signal ACKnowledge-
ment mechanism. It is believed that there are dendritic sites
which contribute to amplifying this acknowledgement signal
as well. Also, research and analysis shows that the commu-
nication chanel is asymmetric, such that signals generatedin
the soma and propagated to the dendrites are less-attenuated
than signals heading in the opposite direction. This is due to
properties of the channel and the effect of branching in the
dendritic tree.

We treat these interactions as a distributed sensor network,
which contains selection AF relaying nodes that sum signals
from a variety of constituent nodes. If the signals generated by
the constinuents exceed some threshold, the selection AF node
relays the information to a central node. When the central node
deems that the relayed information was important, it provides
an acknowledgement signal to the selection AF node, which
decreases it’s threshold for relaying.

We leave further modeling and simulation of this setup for
future work.

V. RESULTS

In simulating this model, we aim to show the dependence of
the maximizing weight vector upon the correlation matrixΣ.
Additionally, we aim to be able to duplicate some of the results
discussed above, with regards to optimal and observed weight
distributions as well as STDP simulations and experiments.

A. Experiment 1: Selection of Correlated Inputs

One of the interesting results predicted by STDP in the
perceptron model is that un-correlated synaptic inputs will be
treated as noise. Over time, these inputs will be stochastically
driven to zero weight since they’re unlikely to result in the
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Fig. 7. Experiment 1: Synaptic Weight Distribution

generation of an AP. The first test of our system model is
to observe the effects of correlation on the maximal weight
vector.

For a system with 100 synaptic inputs, we chooseE[Xi] =
0.2, and randomly choose a subset approximately 50% of the
inputs to be correlated with each other. We begin by utilizing
the methodology in [15], whereby each of the correlated inputs
is assigned a correlation factorci, and the correlation between
two inputs Xi and Xj is cicj . This effectively correlates a
single family of inputs with each other, since for any input
with ci = 0, it’s correlation with every other input is zero.

After random selection of a correlated input sub-family, we
select correlation factorsc randomly from a random uniform
distribution U[0,0.2]. We plot a histogram of weights in figure
7. There were 44 zero-valued correlation factors in this run,
which is matched by the histogram above. The synaptic weight
for every input with a zero-valued correlation factor is driven
to zero, which supports basic assumptions of STDP.

Note that this distribution bears close resemblance some
of the predicted, STDP-simulation based, and experimentally
measured synaptic weight distributions.

B. Experiment 2: STDP

The STDP experiment in [15] was set up as follows:
• N = 1000 synapses
• correlation ’factor’ca = 0.2 (a−1)

(N−1)
• Average firing rate per synapse constant across all

synapses
• wi constrained to be0 ≤ wi ≤ wmax

We utilize our function maximization stated in equation 17,
noting that a maximum weight constraint is not possible with
simple evaluation of this quadratic form, and define the off-
diagonal elements ofΣ = ccT , and the diagonal elements
as µ(1 − µ). Our problem is formed slightly differently,
since we’ve treated each input as a bernoulli variable with
no concept of time. None the less, the basic idea of the
maximization is the same, and the correlation is constant
across both problems.

In figure 8, we plot the correlation factor vs. the optimal
synaptic weight and find that it resembles that which was
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found in the STDP simulation shown in figure 4. For small
number of neurons (N=10), we see a similar curvature to the
weight distribution. At large N (N=1000), this curvature isno
longer present. We find a roughly linear dependence upon the
synaptic weight as opposed to their model for large N, which
saturates values ofwi at some maximum and minimum limit.
It is possible that with a maximal synaptic value constraint
imposed on our model, the maximizing weight vector would
more closely resemble that which was found in the STDP
simulation.

Unfortunately, this ratio of quadratics is not necessarily
convex and requires complex optimization routines. An ap-
proach for this is detailed in [30], where a branch-and-bound
optimization method is used to find the optimum value of
the quadratic ratio under non-negativity and linear constraints.
Utilizing this extension is left for future work. None the less,
these initial results are encouraging.

C. Experiment 3: Matching the Optimal Distribution

We note that there is nearly a linear dependance betweenca

andwmax, which is expected due to the linked dependence be-
tween the cross-correlation matrixΣ, the pairwise correlation
factor vectorc, and the resultant weight vectorwmax. As such,
experimentation led to the choice of a logarithmic distribution
of correlation factors for the vectorc. Additionally, some
questionable research indicates that cross-correlation between
inputs is log-normally distributed by nature. We plot the results
of a run with this input in figure 9. Note that this logarithmic
distribution closely matches the optimal and experimental
weight distributions discussed in previous sections.

Our model suggests that a lognormally distributed correla-
tion factor would result in an optimal weight vector which
was also lognormally distributed. This would account for the
significant number of ’silent’ or very-small valued synapses
that are present both in optimality models and experimentally
measured data. Better experimental results measuring correla-
tion between inputs would be of use to further this idea.
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tion factors (N=1000)

VI. FUTURE WORK

The first step in future work would be to rigorously math-
ematically derive a tight-knit link between expected cross-
correlation between inputs and the optimal weight distribution
models which have already been derived. It is possible that
our model could serve as that link with a more rigorous
mathematical treament. We discuss an alternative approach
which could also possibly allow for the same link.

Our basic system models neuron functionality as a commu-
nications system with many users (codes) and a single desti-
nation (the soma). There are alternative system formulations
which might be of interest for future work. We briefly explored
the idea of a MISO channel model, where each synaptic input
is part of the gain vector h and the input covariance Q is treated
as above. Normally, when treating MISO channel models, the
gain is assumed to take a certain distribution, and the input
covariance matrix is setup as a gaussian codebook.

For our problem, this formulation would be slightly dif-
ferent. We would consider the case where the gain matrix
distribution is known (as suggested by the optimal distribution
discussed herein), and then attempt to determine if an optimal
distribution for the covariance matrix could be found to
maximize capacity.

In [31], aspects of correlated channels, interference, and
signals are considered for the MISO channel. It is plausible
that some form of waterfilling is taking place, which would
support some of the experimental and theoretical findings
with regards to the relationship between input correlationand
synaptic weight allocation. Experimental support would be
required to evaluate if the capacity-maximizing distribution
for input covariance matches that which is found biologically.
This is a difficult experimental task due to the small physical
size of dendritic trees, challenges of dendritic imaging invitro,
and the small EPSP signals.

We would also like to be able to incorporate effects of
dendritic morphology in future system models. It is unclear
how this would take place with a MISO model, or system
model derived in this paper.

Another interesting model, as discussed above, yields a
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sensor-network with selection-amplify and forward nodes fol-
lowing. Each dendritic branch functions as a selection amplify-
and-forward (AF) node, by taking the input signals and then
deciding if they exceed a given threshold. If they do exceed
the threshold, the signal is amplified and forwarded to the col-
lection node (the soma). Including the effects of potentiation
and depression [9] leads to a changing threshold for selection
relaying. Modeling this system and considering its practical
use is left for future work.

VII. C ONCLUSIONS

In this paper, we have provided a brief overview of neuronal
function. We have reviewed in detail some of the more
interesting, recent findings with respect to communications
theory. It seems that the neuronal communication system does
employ ideas that are related to those utilized in current
communications systems.

We have successfully demonstrated that a simple model for
a neurons functionality can be captured through maximization
of the Shannon information rate. This model captures the
importance of cross-correlation between synaptic inputs,as
well as the effect of mean firing rate. Input correlation being
a key contributor to synaptic weight distributions is a widely
held idea. In future work, it is clear that this model would have
to be extended to a include different plausible maximization
constraints on the total power, total synaptic weight, and/or
non-negativity of the synaptic weights.

We have introduced some additional system modeling con-
cepts, but not treated them in detail. We plan to continue
investigating these topics.
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